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In this paper we present a number of theorems about fixed points of mappings
of partially ordered sets. Our approach is based on a discrete form of the HopfLefschetz fixed point theorem and on order-theoretical analogs of topological
constructions. However, we show by example that the fixed point theory of
partially ordered sets cannot be reduced to topological fixed point theory.
Nevertheless, a substantial number of previously known results in this field
are not only subsumed under our approach but are also extended and refined.
This is particularly true in the finite case where certain qualitative properties
of the fixed point sets come within reach which are stronger than that of merely
being nonvoid. We also show that, somewhat surprisingly, fixed point theory
has applications to the question of the existence of complements in finite lattices.
Let P be a poset (partially ordered set). A self-map is a function f: P -+ P.
The jixed point set off is the subposet Pf = (X E P 1x = f(x)}. A theorem
of A. Tarski [14] states that if P is a complete lattice and iff is an order-preserving
self-map then Pf is nonempty and forms a complete lattice under the inherited
order. Posets P such that the fixed point set is nonempty for any order-preserving
self-map are said to have the jxed point property. For lattices the fixed point
property is equivalent to lattice completeness (Tarski [14] and Davis [7]).
The fixed point property for posets in general turns out to be much more
subtle than the lattice case would lead one to expect.
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This paper is organized as follows. In Section 1 we derive our basic tool,
the Hopf-Lefschetz
fixed point theorem for order-preserving
and for orderreversing self-maps of a finite poset. A corollary of this theorem is that if a
finite poset P is acyclic (i.e., if P has the homology of a point) and if f is orderpreserving, then Pf is nonempty and has the Euler characteristic of a point.
We apply this in Sections 2 and 3 to show that some well-known classesof
posets have the fixed point property. Most of these results appear to be new.
Section 2 also contains a number of examples to illustrate the relationships
among the various concepts we have introduced and to show that the fixed
point theory of posetscannot be reduced to topological fixed point theory.
In Section 3 we discussthe relationship between complements in lattices
and the existence of fixed points of self-maps. We prove, using fixed point
theory, that finite lattices having an order-reversing self-map of a certain kind
are complemented lattices (i.e., every element of the lattice has a complement).
In the last two sections of the paper we consider whether the fixed point
property is preserved under various poset constructions. Our results are valid
for infinite as well as finite posets. In Section 4, for example, we completely
characterize those well-ordered-complete posets P such that the cardinal
power PP has the fixed point property. In Section 5 we consider the direct
product P x Q of posetsand also a poset analogueof the topological method
of “gluing” together locally defined spaces.We show that under certain conditions these two constructions preserve the fixed point property.
The authors would like to thank Garrett Birkhoff for teaching us about
lattices and posets and for always stressing the connections between lattice
theory and other parts of mathematics.We also want to thank Felix Browder,
Ivan Rival, Gian-Carlo Rota and Richard Stanley for their advice and encouragement.
1. THE

HOPF-LEFSCHETZ

FIXED POINT

THEOREM

We begin with some definitions and notation from the theory of partially
ordered sets and from algebraic topology, which will be of use throughout
the paper. For a more detailed account of the order-theoretic and topological
conceptswe use, seeBirkhoff [4] and Brown [6], respectively.
Let P be a poset. Then p is the poset obtained by adjoining two new elements
0 and 1 to P such that 6 < x < 1 in p for all x EP. If we specify that a poset Q
has a minimum and a maximum, e.g., when Q is a finite lattice, we will denote
them by 6 and 1 respectively. Thus, statementssuch as Q = p have the obvious
meaning.
A map f: P -+ Q is order-preserving
if x < y implies f(x) < f(y) for all
x, y E P. Given any mapf: P + P we write Pf for theJixedpoint set

FIXED

POINTS

IN

POSH-S

265

The order compZex of a poset P is the simplicial complex d(P) whose vertices
are the elements of P and whose simplices are the chains x0 < x, < *.a < XL
of P. The partial order on the vertices of d(P) defines an orientation on each
simplex of d(P). The geometric rea&ztion of P, denoted by 1P j or ) d(P)\,
is the polyhedron associated to the simplicial complex d(P), as usually defined
in topology. An order-preserving
map f: P---f P induces a simplicial map
d(f): d(P) --f d(P) which clearly is orientation-preserving.
Let K be a field. Let C,(P, K) be the algebraic chain complex over d(P)
with coefficients in K. Write d,: C,(P, K) --f C,-,(P, K) for the differential
(boundary map) of the complex C,(P, K). Then, as is usual, we write B, =
Im(d,+,), 2, = Ker(d,) and H,(P, K) = Z,,/Bm . The K-vector spaces H,,(P, K)
are the homology groups of P with coeficients in K.
In the remainder of this paper we shall, for simplicity, use only homology
with rational coefficients, although most of the results hold with obvious modifications over any field. We write Q for the field of rational numbers,
Let P be a finite poset. An i-chain is a chain x0 < x1 < ... < Xi with i + 1
elements (i.e., an i-simplex of d(P)). The length of P is the integer 8(P) such
that P contains an e-chain but no (/+ I)-chain (i.e., e(P) = dim@(P))). Let
q(P) be the number of i-chains of P. The Euler characteristic x(P) is defined
function
by x(P) = C:, (-l>i .,(P); in particular, x( @a> is zero. The M&iw
p(P) of P is defined as the value of ~(6, f) computed in p (readersunfamiliar
with p should consult Rota [13]). It is a theorem of P. Hall’s that x(P) =
p(P) + 1 (Rota [13, Prop. 6, p. 3461). One may also compute x(P) using the
homology of P. The well-known Euler-PoincarC formula (Brown [6, p. lo])
states that x(P) equalsthe alternating sum of the dimensionsof the H,(P, Q):
x(P) = f

(-1)” dim, H,(P, Q).

n=0

Again, let P be finite. For an order-preserving mapf: P -+ P letf,: H,,(P, Q) ---f
H,(P, Q) be the linear map which is functorially induced on homology. The
Lefschetznumberoff is
A(f)

=

f

(--lP

Tr(fd,

FL=0

where Tr(f,J denotesthe trace of the linear map f,, .
We are now ready to formulate and prove two versions of the Hopf-Lefschetz
fixed point theorem.
THEOREM

1.1. Let P be a Jinite posetand let f: P ---f P bean order-preserving

map. Then
A(f)
In partikular, if A(f)

# 0, then Pf

#

= XPf)*
.a.
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This is not the same as the usual simplicial version of the Hopf-Lefschetz
theorem: for a general simplicial map g: d(P) + d(P) the Lefschetz number
A(g) need not have any relationship to Pg.

Proof. f induces mapsfm: C,(P, Q) -+ C,(P, Q) which together form a map
f”*: C#‘, Q) - Cd=, Q) of ch ain complexes. Let T( f ) = cfe
We first compute T(f) using the ordinary basis of C,(P, Q):

= lo (-1)”

(- l)n Tr( $).

#{(x0 < x1 < a** < x,) [f(~~) = xi for all i}

= X(Pf),
because {(x0 < x1 < ... < x,) If(xi) = xi for all ;} is the set of n-simplices
of d(Pf). Note that in general a simplicial map can fix a simplex without fixing
any of its vertices. In our case this cannot occur since f is order-preserving.
We now compute T(f) using another basis. The fact that f* commutes
with d, implies that 3n induces maps

j-2’: B,-+

B,

3:‘: Z,/B,,
3$):c,/z,

-+ ZJB,,
+ c,/z*

.

Now, by definition of Z, and B, , d,: CJZ,, -+ B,-, is an isomorphism.
Again because!, commutes with d, , this diagram commutes:

Therefore, Tr(3A2)) = Tr@Q.
Tr(fJ

But then

= Tr&“)

+ Tr(f>‘)

+ Tr({$‘)

= Tr(f$“)

+ Tr(f>‘)

+ Tr(j$!\).

The first equality above is easily seen by computing Tr(fn) in a basis for C,
assembled by first choosing a basis for B, , then extending to Z, and finally
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extending to a basis for all of C,, . Hence, taking the alternating sum we find
that
T(f)

= 5 (-l)nTr({:))

= f (-l)“Tr(f,)
n-0

n-0

= A(f).

1

Now suppose that f: P + P is order-reversing, i.e., that x < y implies
f(x) >f(y)
for all x, y E P. Let Pf = {x E P j x = f”(x) <f(x)}.
Thus, the
fixed point set Pf is a subset of P, . Sincef is order-reversing it gives rise to a
simplicial map d(f): d(P) -+ d(P) and hence to maps of chain complexes
f*: C,(P, Q) -+ C,(P, Q) and of homology fn: H,(P, Q) -+ H,(P, Q). Thus
the Lefschetz number A(f) = CL, (- 1)” Tr(Q is again well-defined.
1.2. Let P be a jinite poset and let f: P + P be an order-reversing

THEOREM

map. Then
A(f)

= x(Pr>*

Consequently, if there are no elements x of P such that x = f “(x) < f(x),
f haspreciselyA(f) Jixed points.

then

Proof. With suitable modifications the sameproof we usedfor Theorem 1.1
goes through. Let T(f) = cf, (-1)” Tr(f,). Just as before we find that
Z’(f) = A( f ). However, to compute T(f) in the ordinary basisof C,(P, Q)
we have to take into account the fact that d(f) is not orientation-preserving.
A( f ) preservesthe orientation of an i-simplex if i = 0 or 3 (mod 4) and reverses
it if i = 1 or 2 (mod 4). Hence, if we define E, to be + 1 if II = 0 or 3 (mod 4)
and -1 if n = 1 or 2 (mod 4), then

T(f)

=

f
C-1)"
72=0

Gz#Hxo

=

i.

#Go

C-1)”

<

<

Xl

Xl

*** < 4

<

<

***

+ f (--1)“#Nxo <Xl <

<

%7J

I if (Xi)) = 1x4

I

{f (x8

= lXi>>

** * < XZrnfl) I if (Xi)> = {Xi>>

Wt=O

=

~o(-lP~#~(xo

+ #{(x0

<

Xl

<

-*-

< xZm)If(xi) = xznz--ifor all i}

-c x1 < a-* < xam+d If (xi) = x2m+l--i for all

91
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because there is an obvious bijection between the set of all m-simplices
d(P,) and the set
&I

<

Xl

<

**a < x,) 11z = 2m or 2m + 1 and f(q)

of

= x,-~ for all i).

If there are no elements satisfying x = f”(x) <f(x)
in P then Pf = P, .
Two distinct fixed points of an order-reversing
map cannot be comparable
so /l(f)
is the Euler characteristic of the zero-dimensional complex A(Pf),
and hence A(f) = #Pf.
1
EXAMPLE
1.3. It is instructive to consider the case of the Boolean algebra
B, of subsets of the set {l,..., n}. Let p = B, .
Begin with the order-preserving case. If f: P -+ P is surjective, then f is an
automorphism of P so it has the form f = $ , where rr is a permutation of
u,..., rz} and fn is the natural extension of r to P. d(P) is the first barycentric
subdivision of the boundary of an (n - 1)-simplex; hence 1P 1is homeomorphic
to the (n - 2)-dimensional sphere S n- 2. Therefore P has two nonvanishing
homology groups: H,(P) and Hnp2(P), both isomorphic to Q. It is easy to see
that Tr(f,) = 1 and Tr(fnw2) = sgn(rr). Therefore (1( f) =A1 + (- l)n-2 sgn(P).

The fixed points off are unions of orbits of n and so (Pf) is itself a Boolean
algebra. If r has just one cycle, Pf is empty. Let the cycles of z- have lengths
n, , n2 ,*‘*P nk . Then x(Pf) = 1 + (- l)k-2, even when K = 1. On the other
hand, sgn(n)
= (- l)nl-1 . . . (-1)%-l
= (- l)nl+“‘+%-k
= (-1),-k.
Thus
A(f) = 1 + (-l)“-”
sgn(r) = 1 + (-l)n-2(--l)n-k
= 1 + (-l)“-”
= x(Pf).
Now suppose that f: P + P is not surjective. Then the form of f cannot
be so easily characterized. However, a generating cycle of Hnm2(P, Q) cannot
be mapped by fnp2 to a nonzero multiple of itself. Hence, in this case, A(f) =
Tr(f,) = 1, and f has a fixed point.
We now consider the order-reversing
case. If f: P -+ P is surjective, then
f is an anti-automorphism of P so it has the form f = c 0$ , where c is the
complementation operation on P and fn is defined above. As above we compute
Tr(f,) = 1 and Tr(fnP2) = (-1),-l
sg n (rr ) so that cl(f) = 1 - sgn(rr). The
fixed points off 2 = fn2 = fg are unions of orbits of n2. Now odd orbits of r
give rise to odd orbits of rr2, while the even orbits of n give rise to a pair of
orbits of 7r2. There are three cases to consider for fixed points off 2:
(1) x E P is an even orbit of
the case when all of r is an even
orbits x1 , x2 of n2. Now f (x1) =
proper even orbit, then there are

n. Note that I$ P, so this does not include
cycle. Then x is the disjoint union of two
(c 0f,,)(x,) = c(x2) > x1 . Thus if rr has a
elements x E P such that x = f “(x) < f(x).

(2) x E P is an odd orbit of 77. Then f(x) = (c 0$)(x) = c(x) is not
comparablewith x. Moreover x contains no proper subset invariant under f”.
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(3) 7 is an even cycle. Then 79 hastwo orbits xi and xa . Both are invariant
under f: f(xJ = (c ofJ(xr) = c(xa) = x1 .
Thus, when STis a product of odd cycles or when 7~is a single even cycle,
Theorem 1.2 will give exact information about the fixed points off. In the former
case, sgn(n) = 1, A(f) = 0 and f has no fixed points. In the latter case,
sgn(rr) = (-l)+i
= --I (becausen is even), /l(f) = 2 and f has exactly two
fixed points.
Finally suppose that f: P + P is order-reversing and not surjective. As
before, one cannot characterize the form off very easily; however, we again
have cl(f) = 1. Thus either there is some x E P for which x = f”(x) < f(x)
or there is a uniquefixed point off. 1

2. THE STRONG FIXED POINT PROPERTY

A poset P hasthe Jixedpoint property if every order-preserving mapf: P -+ P
has a fixed point. By convention, the empty set doesnot have the fixed point
property. If P has the fixed point property and g: P -+ P is order-reversing
then, sincegs is order-preserving, g either satisfiesx = g”(x) # g(x) for some
x EP or g has a fixed point. Let us say that a finite poset P has the strongfixed
point property if the following two conditions hold:

f

(i) every order-preserving mapf: P -+ P satisfiesp(Pf) = 0, in particular
has a fixed point,

(ii) every order-reversing mapg: P -+ P satisfiesp(Pg) = 0, in particular
either x = g”(x) < g(x) for somex E P or g has a uniquefixed point.
A poset P for which H,(P, K) = 0 for i # 0 and H,,(P, K) = K is said
to be acyclic over the$eld K or K-acyclic. By the universal coefficient theorem,
if P is K-acyclic for somefield K, then P is Q-acyclic. To get the following
theorem in its strongest form it is therefore sufficient to consider the case
K = 02’.
THEOREM 2.1. If the $nite posetP is Q-acyclic then P has the strongfixed
point property.

Proof. A(f) = 1 for any order-preserving or order-reversing mapfi P + P
since fo: Q ---f Q has to be the identity and fi = 0 for i # 0. The result is
therefore directly implied by Theorems 1.1 and 1.2. 1
If P is Q-acyclic but infinite, then P need not have the fixed point property.
Consider the set of integers under the usual order. This poset is clearly acyclic
and even contractible but hasa fixed point free automorphism.
Theorem 2.1 implies that the fixed point set of every order-preserving self-
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map of a finite Q-acyclic poset has Euler characteristic equal to 1. One naturally
wonders whether the stronger condition of Q-acyclicity is inherited by fixed
point sets. The following example shows that this need not be the case.
EXAMPLE

2.2.

Let p be the lattice of faces of an octahedron.

Let the automorphism f: P -+ P be given by rotating the octahedron 180”
about an axis as shown. Let Q be obtained from P by identifying antipodal
faces. Then the geometric realization 1 Q ) of Q is the real projective plane,
and Q is therefore Q-acyclic. Now f defines an automorphism g: Q + Q,
whose fixed point set Qg has the property that 1 Qg 1 is the disjoint union of a
circle and a point. Therefore Q” is not Q-acyclic.
In the following picture of Q, the action of g is indicated by arrows, and
Qg is marked with filled dots:
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Theorem 2.1 derives the fixed point property from an algebraic condition
on the poset. In our next result we shall instead use a topological condition.
A topological spaceX is said to have the fixed point property if every continuous map f: X -+ X has a fixed point.
THEOREM 2.3. Let P be a poset. If 1P j has the jixed point property then

so doesP.
Proof. Assume that 1P 1 has the fixed point property and that fi P + P
is order-preserving. Then the linear extension 1f (: ( P ( -+ ( P 1 has a fixed
point x E 1P 1which belongs to a unique open simplex {pO < p, < ... < p,),
n >, 0, i.e., x = cb, hipi ,Cy=,, & = 1 andhi > 0 for i = 0, I,..., II. Cy=“=,
hipi =
x = f(z) = cb,, Aif (pi) implies (pi}F=“=o
= (f (pi)}y=“=oand hence, since f is
order-preserving, pi = f (pi) for i = 0, l,..., 71. 1
A poset for which the space ( P / has the homotopy type of a point is said
to be contractible. Consider the following statementsabout a finite poset P.
A: P is contractible,
B: P is Q-acyclic,
C: 1P 1has the fixed point property,
D: P hasthe fixed point property.
Then A 3 B a C 5 D. Since P triangulates the compact polyhedron I P I
the first two implications are standard results in algebraic topology; the third
is Theorem 2.3. Note that finitenessis neededonly for the implication B 3 C.
I. Rival [ll, p. 3101has shown that all three implications are reversible when
P has length equal to one. In generalthis is, of course, not true. For instance,
let the poset P, triangulate the real projective plane, and let the poset PC
triangulate the complex projective plane. Then P, is Q-acyclic but not contractible, while ( P, / has the fixed point property without P, being Q-acyclic.
In fact, x(PJ = 3 which shows that if I P 1 has the fixed point property and
P is finite, it need not be the casethat P has the strong fixed point property.
Finally, the following example showsthat D doesnot imply C when e(P) > 2.
EXAMPLE

2.4. Let P be the lattice of faces of the square pyramid.
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If f is the identity map of P then p(Pf) = p(P) = 1. Let g be a bijection
from the O-faces(vertices) to the 2-faces of the pyramid such that u is not
a face ofg(u) for all vertices u (two suchbijections exist). Then g can be extended
to an order-reversing bijection g: P + P such that x = g”(x) < g(x) is never
satisfied,sop(Pg) = - 1. Hence, P fails to satisfy both of the defining conditions
for the strong fixed point property. Furthermore, 1P 1doesnot have the fixed
point property becaused(P) triangulates P.
NeverthelessP has the fixed point property, as we now show. Let f be an
order-preserving self-map of P. If f is not surjective then, as in Example 1.3,
A(f) = 1 andf has at leastone fixed point. On the other hand, if f is surjective
then f is an automorphism. Therefore the vertex v must be a fixed point since
z, is covered by 4 elementsin P and every other x EP is covered by at most
3 elements. n
For the rest of this section, and also in the beginning of the next section,
we will describea number of conditions on a finite poset which imply acyclicity
and hence, by Theorem 2.1, the strong fixed point property. The fixed point
theorems which arise include strengthened versions of some known results
as well as new fixed point theorems in which no homological assumptionsare
explicitly made.
If one element x of a finite poset P is comparableto all other elements(e.g.,
if P is a lattice) it is easy to show by a direct combinatorial argument that
P must have the fixed point property. In topology d(P) is called the star of x
in this case.Since stars are contractible, P must in fact have the strong fixed
point property. We will prove a number of far-reaching generalizationsof this
basicsituation.
Let S be a subsetof a poset P. An element x of P is an upper [lower] bound
of S if s < x [s > x] for all s E S. We say 5’ is boundedif there is either an
upper or a lower bound of S in P. A subset C of P is said to be a cutset of P
if every finite chain of P can be extended to a chain whose intersection with
C is nonempty. A cutset C of P is coherentif every nonempty bounded subset T
of C has either a join or a meet in P (note that it is not required that T have
both a join and a meet in caseT has both an upper and a lower bound in P).
Finally, a subsetA of P is said to be astral if there is somex EP such that x
and a are comparablefor all a E A, i.e., if A is a subsetof the star of x. If A
is an antichain, i.e., a subsetof P no two distinct elements of which are comparable, then A is astral if and only if A is bounded.
COROLLARY 2.5. Let C bea coherentcutsetin aJiniteposetP. LetF, , Fz ,..., F,
be the maximal astral subsetsof C. Assumethere is a nonempty astral subsetS
of C such that if A=Fi,nFiIn-..nFi,,
1 <iI<&<-.-<i&n,
1 < k < n, then either A n S # 0 OY A u S is astral. Then P has the strong
fixed point property.

FIXED

POINTS

Proof. Under these assumptions
that P is contractible.
1

IN

273

POSETS

it is proved in Bjijrner 15, Theorem 3.21

The condition in Corollary 2.5 is somewhat cumbersome. We will therefore
consider a few simple cases. See also the proof of Proposition 3.1. When P
has an element x which is comparable to all other elements of P then S =
C = {x} will fulfill the requirements. When the maximal astral subsets
4 >F, ,..., F,, of a coherent cutset C have nonempty intersection, then the
condition is satisfied with S = Fl n F, n .** n F, . The special case when
Fl = C (and hence n = 1) permits a particularly simple formulation:
COROLLARY 2.6. Let C be a cutset in a $nite poset P such that every nonempty subset of C has a join or a meet. Then P has the strong fixed point property.
Corollary 2.6 generalizes and strengthens the finite version of a result of
Heft and Hiift [9, Corollary to Theorem 21, who considered the special case
when C is the cutset of all minimal elements of P. The general case of their
result is subsumed under Corollaries 4.3 and 5.3 below.
EXAMPLE 2.7.
following poset:

To illustrate the concepts we have introduced, consider the

*4

Y4

The cutsets {x r , x, , X, , x4} and {a1 , aa , z, , zq} are not coherent. The cutset
(yr , yz , ys , y4} is coherent, and its maximal astral subsets are {yr , ya} and
{ya , ya , y4}. Hence, Corollary 2.5 applies. Every nonvoid subset of the cutset
1x1 ,Y2vY a , xp} has a meet so Corollary 2.6 also applies. 1
An element x of a finite poset P is said to be irreducible if x is covered by
exactly one element or x covers exactly one element in P. Recall that x is said
to cover y in P if y < x and y < z < x implies z = x. Let 1(P) be the set of
irreducibles of P. A finite poset P is dismantlable by irreducibles if the elements
of P can be ordered a,, a2 ,..., a, in such a way that a, EI(P) and ai EI(P {a, , a2 ,.-., afvl)) for i = 2, 3 ,..., n - 1. Examples of posets which are dismantable by irreducibles include connected posets P such that p is a planar
lattice and also Example 2.7 above. I. Rival [ll, Corollary 21 has proved that
if P is dismantlable by irreducibles then P has the fixed point property.
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COROLLARY 2.8.
fixed point property.

If P is dismantlableby irreduciblesthen P has the strong

Proof. Such a poset is contractible (Bjomer [5, Theorem 4.21). i
The converse to Corollary 2.8 is not true, even when p is a lattice. For
example, let P be the poset of faces of any triangulation of the real projective
plane. Then P has the strong fixed point property by Theorem 2.1 and P
is a lattice, but P has no irreducibles.
A finite poset P is called an n-bouquetof spheresover Q if the following hold:
(1) if n = -1, then P = O;
(2) if 71= 0, then P is a nonempty antichain;
(3) if n > 0, then P is connected and H,(P, Q) = 0 for i # 0, tt.
A finite poset P is Cohen-Macaulay over Q if every open interval (x, y) =
is an 8(x, y)-bouquet of spheresover Q, where /(x, y)
{ZEPjX <z <y}ofP
is the length of the open interval (x, y), which we take to be - 1 if (x, y) is empty
(cf. Baclawski [3]). K nown examplesof Cohen-Macaulay posetsinclude finite
posets P such that p is a semimodular lattice, the face-lattice of a convex
polytope or the lattice of subgroupsof a supersolvablegroup.
COROLLARY 2.9. If P is Cohen-Macaulay over Q and p(P) = 0, then P
has the strongjixed point property.

Proof.
0 = P(P) = x(P) - 1 = - 1 + 5 (-l>i dime H,(p, IQ)
i=O

=

-1 + dime H,(P, Q),
(- 1)” dime Ht(P, Cl!),

I

Hence in either caseP is Q-acyclic.
EXAMPLE

if 7!(P) = 0
if f!(P) = r! > 0.

1

2.10. Define posetsP,, for n > 3 by the following diagram:
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These posets were considered by D&us, Poguntke and Rival [8, Fig. 41. The
special case P3 also appears in Rival [I 1, Fig. 21. There are at least two quick
ways to see that P, has the strong fixed point property. Observe that every nonempty subset of the cutset {yr ,ya ,..., yn} has a meet, except for the subsets
{Ye , Yi+1), i = 1, z..., n - 1, which have a join. Hence, Corollary 2.6 applies.
An alternative is to useCorollary 2.9. A direct computation yields that I,(P,J = 0
and the homotopy theorem for Cohen-Macaulay posets (see Baclawski [3])
makesit easyto seethat P, is Cohen-Macaulay. 1

3.
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Let L be a lattice with 8 and f. For x EL we say that y EL is a complement
of x if x v y = 1 and x A y = 0. The lattice L is complemented
if every x EL
otherwise.
has a complement (see Birkhoff [4, p. 161) and is noncomplemented
It is known that if P is a finite noncomplemented lattice, then P is acyclic
(Baclawski [2, Corollary 6.31) and in fact is even contractible (BjGrner [5,
Theorem 3.31). Such a poset P therefore has the strong fixed point property
by Theorem 2.1. We will examinesomegeneralizationsand someconsequences
of this basic result in this section. We begin with two generalizations.
Let M be the cutset of all minimal elements of a finite poset P. Assume
that M is coherent, and let P,,,, be the subposetof P consisting of all elements
that can be obtained asjoins of nonempty subsetsof M. It is not hard to see
that PM is a lattice.
PROPOSITION
3.1. Let P be a finite poset.Assumethat the cutsetM of minimal
elementsis coherent.If PM is noncomplemented,
then P has the strongJixed point
property.

Proof. Let z E P,,,, be an element lacking a complement in rj, . Let S =
{x E M 1x < z}. Then S is bounded (hence astral). We wish to apply Corollary
2.5. To do so we must examine the maximal astral subsetsof M. Clearly these
have the form {x E M ( x < m> for some maximal element m of PM , Let
A=n&{x~MIx<m~},
w here mi is a maximal element of PM for all i.
Then A={xEMIx<a},
where a=m,A**.Amk
in p,. Now by the
choice of z, either aAz>$,
in which case AnS#
a, or avz<T,
in which caseA u S is bounded. The hypothesesof Corollary 2.5 are therefore
satisfied. 1
Recall that an element of a lattice is an atom if it covers 6 and a coatomif
it is covered by 1. We will say that a finite lattice is strongly complemented
if
every element has a complement which is a join of atoms as well as one which
is a meet of coatoms.Of course, here we consider6 to be the join of the empty
set of atoms and dually for 1.
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COROLLARY 3.2. Let P be a finite lattice which is not strongly complemented.
Then P has the strongfixed point property.

Proof. Without lossof generality, we may assumethat there is an elementy
of P that hasno complement which is a join of atoms. The cutset M of P consisting of all minimal elementsis coherent becausep is a lattice. If lf3, were
complemented, then any complement of z = V {x E M ( x < y} in p,,,, would
also be a complement of y in P. But every element of PIM is a join of atoms
so this contradicts the choice of y. Hence p,,,, is not complemented, and we
may therefore apply Proposition 3.1. 1
Let P be a poset. A self-mapfi P + P is said to be afriendship map if
(1)

f is order-reversing, and

(2) x and f(x) are incomparable for all x E P, except for 6 and/or 1 if
they exist.
We will say that a poset P is friendly if it possesses
a friendship map.
THEOREM

3.3. Every finite friendly lattice is strongly complemented.

Proof. Let L = p be the lattice and let f: L + L be its friendship map.
We first note that by condition (2) of the definition of a friendship map, f
restricts to a friendship map f: P --f P. Now f is order-reversing and cannot
satisfy x = f “(x) <f(x)
f or any x E P. Therefore P does not have the strong
fixed point property. By Corollary 3.2, L is strongly complemented. 1
In the proof of Theorem 3.3 we used only that f restricts to P = L - {a. f}
and that x and f (x) are incomparable for x in Pf’. In Example 1.3 we saw that
there are numerousmapsof this kind on a finite Boolean algebra. Non-Boolean
finite distributive lattices do not admit any friendship mapsat all, even in this
weaker sense.However, the class of geometric lattices is more amicablein this
respect, as we now show.
THEOREM 3.4. Let L be a lattice of finite length. Supposethat there is a set
A = (a, , a, ,..., an} of atomsof L suchthat

(1) for all i, a, v 1.. v 8, v *.+v a,, # 1, wheredii means“omit a+,”
(2) 6, a, , a, v a2 ,..., a, v a2 v **. v a, = ‘i is a maximal chain of L.
ThenL isfriendly.
Proof. We may assumethat n > 1. Define a function g from the set C
of coatoms of L to A by: g(c) = ai , where i is the smallestinteger such that
c 2 ai . Note that g is well-defined, for if c were above all the atoms of A,
this would imply that c > 1, by condition (2). Note also that c $ g(c) for all
c E c.
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LetL=P.Extendgtoamapf:P-+Lby

f(x) = v MC>I c 2 XJcE0
We will show that f: P -+ L satisfies the conditions:

f is order-reversing,
(b) f (PI CJ’,

(a)

(c)
(d)

x &f(x),
for all x E P,
x < f(x), for all x E P.

Now (a) is obvious. To show (c) supposethat x 3
such that d 3 x, then

f(x).

Let d be a coatom

In particular, d > g(d). This contradicts the choice of g. Thus (c) holds. As
a special case,0 &f(P).
To show (b) we need only show that I$ f (P). Supposethat x E P satisfies
f(x) = 1. By hypothesis (I), this implies that {g(c) 1c 3 x} = A. For each i,
1 < i < n, choose an element ci of C SO that g(c,) = ai and ci > X. First
consider c,, . By definition of g, c,, > a,, and c,, > a, ,..., a,-l . Hence c,, >
a, v .a* v a,-, _ By hypothesis (2), a, v *.. v a,-, is a coatom, so c, =
a, v ..* v a,-, . Hence x < a, v .+* v a,-, .
Assume that x < a, v *.. v a,, where i < n. By definition of g, ci > ai ,
but ci > a, ,..., aim1 SO ci > a, v ... v ai- and ci 2 U, v *.. v ai . Hence
Ci A (a, V .-* v Ui) < a, v 1.. v ai, while U, v -.- v U&l < ci A (Ul v ... v Ui).
By hypothesis (2), we conclude that U, v ... v ai-1 = ci A (aI v .*. v ai).
Now x < a, v -7~v ai by assumption and x < C< by choice of ci . Thus
x < ci A (a, v ... v Ui) = a, v .-. v aipl . By descending induction, x < a, .
But x < c, and cr $ a, . Hence x < a, A cr = 6. This contradicts the fact
that x E P.
It remains to show (d). Let x E P satisfy x <f(x). Let d be a coatom such
that d > f (x). There is such a coatom by (b). Then

But the above inequality implies that d > g(d). This contradicts the choice of g.
Thus we seethat (d) holds and that f is a friendship map on P. The obvious
extension off to L = P is then a friendship map on L. 1
COROLLARY
3.5. Every geometriclattice isfriendly.
Proof. For the set A of atoms required in Theorem 3.4, any basisof the
geometry will do. 1
607/31/3-2
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We end this section with an example of a connection between lattice complementation and fixed point theory which is somewhat different from what
we have consideredso far. The following result is the finite version of a unique
fixed point theorem due to Wong [15, Theorem 51.
PROPOSITION 3.6 (Wong). Let L be ajinite lattice such that every lower interval
[o, x], x EL, is complemented. Letf: L --+ L be a mapping such that
(9

f(x v r> = f(x)

A f(r)

fey all x, y EL,

(ii) f(x) A x # 6 when x # 6.
Then

f

has a unique $xed point.

Proof.
L is contractible and therefore has the strong fixed point property
by Theorem 2.1. Condition (i) implies that f is order-reversing. Hence, all
we needto showis that x = f”(x) < f (x ) cannot occur. The following argument
is due to Wong. Assume that x = f “(8) < f(x). Let z be a complement of x
in the interval [o, f(x)]. Th en .z # 6 and z h f(z) = (z h f(x)) A f(z) =
x v z) = z A f”(x) = z A x = 6, which contradicts
ZA(f(X)Af(Z))
=ZAf(
(ii). 1

4. DISMANTLABLE

POSETS

In Section 2 we observed that infinite contractible posets need not have
the fixed point property. On the other hand, most known examplesof infinite
posets having the fixed point property are contractible. It seemsnatural to
ask what conditions in addition to contractibility are needed to ensure that
an infinite poset have the fixed point property. In this section we take a first
step in this direction by introducing a classof contractible posetswhich contains
the complete lattices and which turns out to be well-behaved with respect to
the fixed point property.
The motivation for this section arosefrom our work on products in Section 5
and from a desire to improve an earlier version of Corollary 4.3. Theorem 4.1
was found jointly by us and Rival [12], and this led to our use of the term
“dismantlable.” In the finite case, all the results of this section, except for
Corollary 4.3 and part of Theorem 4.1, are due to Rival [I 11,[12] and to Duffus
and Rival [16].
For any two posetsP and Q, we write PQ for the poset of order-preserving
mapsf: Q -+ P, partially ordered by f < g if and only if f (x) < g(x) for all
x E Q. In Birkhoff [4, p. 551 the posetPQ is called the cardinal power with base
P and exponent Q. Later in this section we considerthe question of when PQ
has the fixed point property.
Recall a standard notion from set theory: a chain is [dually] well-ordered
if every nonempty subset of it has a minimum [maximum] element. We will
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say that a poset P is well-ordered-complete
if every nonvoid well-ordered
chain
of P has a join in P and every nonvoid dually well-ordered
chain of P has a
meet in P.
If a and b are elements of a poset P, we say that a is connectedto 6 if there
exist elements ci , ca ,..., c, of P such that a<cI>c,<...>cc,<b.
A poset P is said to be connectedif all elements of P are pairwise connected
to each other. The following
convention will be helpful in this section: if P
and Q are two posets and p E P we agree that FE PQ denotes the constant
map which sends all q E Q to p.
We will say that a poset P is dismantlableif

P is well-ordered-complete,
and
the identity map of P is connected

(1)
(2)

to some constant

map in Pp.

The second condition above may be rephrased as requiring
that there exist
order-preserving
self-maps fr , fi ,..., fn of P and an element p of P such that

x < fi(4 3 f&) G f&) 3 ..* G f&) 3 P,
for all x E P. Using Quillen’s
“homotopy
property”
[IO, 1.31 it is immediate
from condition
(2) that all dismantlable
posets are contractible.
Hence, by
Theorem 2.1 allJinite dismantlable
posets have the strong fixed point property.
This observation is equivalent to Corollary 2.8 by the following result, which
shows that dismantlability
extends to arbitrary
posets the notion of “dismantlability
by irreducibles”
defined for finite posets in Section 2.
THEOREM

4.1.

A finite poset is dismantlableif and only z. it is dismantlable

by irreducibles.
Proof. Assume that P is dismantlable
by irreducibles.
Let a, , a2 ,..., ak
be an ordering
of the elements of P such that ai is an irreducible
in P @I 9a2 >--*> a,-,} for i = 1,2 ,..., K - 1. Define mapsg*: P - (a, , a2 ,..., ai& --f
way: if ai covers
p - 6% , a2 ,*-., aJ for i = 1, 2,..., k - 1 in the following
[is covered by] exactly one element bi in P - {al , a2,..., ai+} let
g,(x) = x7

= bi ,

if

x # ai

if

x = ai .

order-preserving
and g,(x) < x[gi(x) >, x] for all x E P Let hi: P - {al , a2,..., ai} -+ P be the inclusion map. Now
define self-maps fi of P for i = 0, I,..., k - 1 by letting f,, be the identity
mapofPandf,=hdogiogl_lo...
0 g, for i > 0. Then the maps fi are orderpreserving,
and either fi(x) < fdfl(x) for all x E P or fi(x) > fi+l(X) for all
x E P. Hence the maps fi connect the identity map f. of P to the constant map
fkel = Fikin Pp.
Then

ga is

h , a2,..., a+,}.
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Now assume that there exist fi , fi ,...,fn E Pp which connect the identity
map of P to the constant map p, for some p E P. We may, without
loss of
generality, assume that x < fi(x) f or some x E P. Let a be a maximal element
of {X ] X < fl(X)}. If we defineg: P+ P by

g(x) = x,
= fdu),

if

x#a

if

x = a,

then it is easy to see that g E Pp and that g(a) covers a. Suppose that a were
covered by another element b. Now b 3 a implies that g(b) > g(a), but
g(b) = b by definition
and two distinct elements which both cover a cannot
be comparable.
Hence, a is covered by exactly one element and is therefore
irreducible.
Let P’ = P - {u}. Define self-maps f; of P’ for i = 1, 2,..., n by
f Xx) = fdx),

if

fi(x)

# u

= k!w>

if

fi(x)

= a.

-The maps f; are order-preserving
and connect the identity map of P’ to g(p).
By induction
on the number of elements of P, the poset P is dismantlable
by irreducibles.
1
If some element of a well-ordered-complete
poset P is comparable
to all
other elements then P is dismantlable.
More generally, if some element p
of a well-ordered-complete
poset P has a join p v x with every other element x
of P then P is dismantlable
(take fi(x) = p v x). For example, every complete
lattice is dismantlable.
THEOREM

4.2. Every dismuntlubleposet has the fixed point property.

Proof. We will need to refer to the following technical result: if an orderpreserving
self-map f of a well-ordered-complete
poset Q satisfies a < f(u)
or a >, f(u) for some a E Q then f has a fixed point. A brief proof based on
Zorn’s lemma may be found in Wong [15, Theorem
11. A more involved proof
that does not use any form of the Axiom of Choice is given by Abian and Brown
[l, Theorem 23.
Assume that P is a dismantlable
poset and that f is an order-preserving
self-map
of P. There
are, by definition,
order-preserving
self-maps gi ,
i = 0, I,..., n of P which connect the identity map g, of P to a constant map
g, = 5, p E P, in Pp. Define order-preserving
self-maps hi of P for i = 0, l,..., 11
by h, = g, 0 f. The map h, has the fixed point p. Now assume that h,+I has a
fixed point x. Then
h,(x) < h,+,(a) = z or h,(z) > h,+,(z) = z. Hence,
since P is well-ordered-complete,
h, has a fixed point. By finite induction,
therefore, h, = f has a fixed point.
1
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As an application of Theorem 4.2, we can extend part of Corollary 2.6 tq
the infinite case.
COROLLARY 4.3. Let P be a well-ordered-complete
exists a cutset C of P such that
(a)
(b)

poset. Assume that there

C is an antichain,
every nonempty subset of C has a join in P.

Then P has the $xed point property.
Proof. It suffices to show that such a poset P is dismantlable. Let D be
the order-filter generated by the cutset C in P, i.e., D = {x E P 1x 2 c for
some c E C}. Define a self-map f of P by

f(x) = x9
= V(CECIC<X},

if

x$D

if

XED.

If p = V C then for every x E P, x > f (x) < p. Hence, it remains to show
only that f is order-preserving.
Assume that x < y in P. We must consider three cases.
(1)

y#D.

Then ~$0,

andf(x)

=x

<y

(2) y E D and x $ D. Since C is a cutset,
can be extended to a chain which includes an
cannot occur since x 4 D. y < d cannot occur
for some c E C and c < y < d contradicts C
x < d \<y and therefore f(x) = x < d <f(y).

=f(y).
the two-element chain (x, y}
element, say d, of C. d < ff
since, by assumption, y > c
being an antichain. Hence,

(3) y~Dandx~D.~<yimpliesthat{c~C~c,<x}_C{c~C~c~y}
and hence that f (x) < f(y).
So f is order-preserving,

and P is dismantlable.

a

We end this section by giving a variety of equivalent formulations of the
notion of dismantlability in terms of properties of cardinal powers of posets.,
We begin with a lemma which allows us to deduce fixed point properties of
cardinal powers.
LEMMA
4.4. If P is dismantlable and Q is a nonempty poset, then PQ is
dismantlable.

Proof. Assume that P is dismantlable and let Q be a nonvoid poset. Let
us first verify that PQ is well-ordered-complete.
Let V be a nonvoid wellordered chain in PQ. Then for each x E Q, {h(x) 1h E %‘} forms a well-ordered
chain in P and so, by assumption, has a join in P. We may therefore define
a map g: Q -+ P by g(x) = V {h(x) 1h E %}. It is easy to check that g is order-
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preserving and that g is the join of V in P o. A dual argument shows that every
nonvoid dually well-ordered chain in PQ has a meet.
Let fi , i = 0, l,..., n, be order-preserving
self-maps of P which connect
the identity map f. of P to a constant map fm = j?, p E P, in Pp. Define selfmaps Fi , i = 0, l,..., rz, of PQ by F,(g) = fi o g. It is straightforward
to verify
that the maps Fi are order-preserving and that they connect the identity map F0
of PQ to the constant map F, = (p> in (PQ)pg. Hence, PQ is dismantlable.
1
THEOREM
4.5. Let P be a well-ordered-complete
conditions are equivalent:

(i)
(ii)
(iii)
(iv)
(v)

poset. Then the following

P is dismantlable,
PQ has the fixed point property for every nonempty poset Q,
PQ is connected for every nonempty poset Q,
Pp has the fixed point property,
Pp is connected.

Proof. By combining Theorem 4.2 and Lemma 4.4 we get that (i) implies (ii).
(ii) * (iii) => (v) and ( ii ) > ( iv ) * ( v ) are trivial, since any poset with the
fixed point property must be connected. If Pp is connected then, in particular,
the identity map of P is connected to every constant map. Since P is by assumption well-ordered-complete
we see that (v) implies (i). 1
It is a consequence of this theorem that PQ does not necessarily have the
fixed point property, even if both P and Q do. Let P be any finite poset which
is not dismantlable but has the fixed point property (several examples of such
posets were given in Section 2). Then Pp does not have the fixed point property.

5. CONSTRUCTING

POSETS

HAVING

THE

FIXED

POINT

PROPERTY

In this section we will be concerned with two particular instances of the
following general question: if a poset R is “constructed”
from parts all of which
have the fixed point property, does it follow that R does also I For example,
we saw at the end of Section 4 that the answer is negative for the cardinal
power construction PQ, even when P = Q. The two constructions we will
csmsider below are the “gluing together” of subposets via a fiber map and
the direct product.
Let P and L be posets, and let F: P + L be an order-preserving
map. We
think ofF as a way of “piecing together” or “constructing”
P from the subposets
F/y ={x~PlF(x)

>Y>,

called the fibers of F over elementsy in the baseL. One can always piecetogether
acyclic posetsto get new ones.
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Let F: P -+ L be an order-preservingmap of posetssuch that

(a)

L is Q-acyclic, and

(b)

F/y is Q-acyclic for ally EL.

Then P is Q-acyclic.
Proof.

See Baclawski

[3].

l

The above theorem remains true if the word “Q-acyclic”
is replaced everywhere by “contractible.”
For a proof see Quillen [lo, Proposition
1.61. Note
that if P is finite then, by Theorem 2.1, the assumptions made in Theorem 5.1
imply that P has the strong fixed point property.
We will next derive a similar theorem for the general fixed point property
by requiring the fixed point property, rather than acyclicity, in L and the fibers
of F. Unfortunately,
to obtain such a theorem we are forced to impose strong
restrictions on F and L. Moreover, Example 5.4 below shows that these restrictions cannot easily be relaxed.
THEOREM.
5.2. Let F: P -+ L be an order-preservingmap from a poset P
to an completelattice L. Write M C P for the minimal elementsof P and L, for
the upper (join) sub-semilatticeof L generatedby F(M). Assumethat

(a)

L, has the fixed point property,

(b)

for every y EL, , F/y has the Jixed point property,

(c) for every x E P there is an m E M suchthat m < x,
(d)

for every m E M, the fiber over F(m) is {x EP 1x > m>.

Then P has thefixed point property.
Proof.
G:L,+L,

Let f: P -+ P be an order-preserving
by

self-map.

We define

a map

G(Y) = V V’(n) I n E M and there exists m E M such that
n<

f(m) and F(m) < Y>.

G is well-defined
because of property (c). It is easy to see that G is orderpreserving.
By (a), G has a tied point y EL, . We show that f (F/y) C F/y.
Let b E F/y so that F(b) > y. The fact that G(y) = y means that if
5’ = {n E M 1 n < f(m) for some m E M such that F(m) < y},
then y = V F(S). Let n E S. Choose m E M such that n < f(m) and F(m) < y.
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Then F(b) > y > F( m) , i.e., b is in the fiber of F over F(m). By (d) therefore,
b > m. Since f is order-preserving, f(b) > f(m) > n. Since F is orderpreserving, F( f (b)) > F(n). Since n was an arbitrary element of S, F(f (b)) 3
V F(S) = y. Hence f(b) gF/y. Therefore f (F/y) C F/y as claimed above. By
(b), f has a fixed point in F/y. The result then follows. [
COROLLARY 5.3. Let P be a poset with finitely many minimal elementsM.

Assumethat
(i) for every non-empty subsetS of M the subposet{x EP 1x 2 s for all
s E S} has the fixed point property,
(ii) for every x E P there is an m E M suchthat m < x.
Then P has thefixed point property.
Proof. Let L be the Boolean algebra of all subsetsof M. Define a map
F:P-+L
byF(x) ={ m E M 1m < x}. F is then order-preserving and L, =
L - (6). We want to check that conditions (a)-(d) of Theorem 5.2 are satisfied.
(d) is clear from the construction of F and implies that (b) is equivalent to (i).
(c) is the sameas (ii). (a) also holds, sinceL, is finite and has a maximum
element. 1
Duffus, Poguntke and Rival [8, Theorem 21 proved Corollary 5.3 in the
special casewhen P is finite. We remark that conditions (a), (b) and (c) in
Theorem 5.2 obviously cannot be eliminated. Whether the assumptionsabout
L can be relaxed is open, but one generally usessomewell-understood lattice
to do such a construction. This leaves condition (d). Condition (d) is very
strong. It implies that F is injective on M and that F(M) is an antichain of L.
Furthermore, in the finite casebecauseof condition (d), Theorem 5.2 in general
follows from Corollary 5.3, i.e., from the theorem of Duffus, Poguntke and
Rival [8] cited above. However, their proof method does not extend to the
infinite case.Furthermore our proof is constructive in the sensethat if algorithms
are known for finding a fixed point in L, and in the fibers of F, then we give
an algorithm for finding one in P.
In the following example we show that condition (d) cannot be eliminated
even when L is B, . This example also provides a counterexample to a conjecture of L. Mohler. Mohler’s conjecture essentially states that Theorem 5.2
without condition (d) holds in case P is finite and L = B, . For the exact
formulation we refer to Duffus, Poguntke and Rival [8, p. 41.
EXAMPLE 5.4. Let C, and C, be two copies of a cone over the boundary
of the square pyramid. We join these two together along their boundaries
asindicated below:
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In this figure two of the vertices are not shown. One vertex should be in the
interior of the inside (right-side up) pyramid, joined to all of the vertices of
that pyramid. This represents the cone C, . Another vertex should be the point
at infinity of 3-space, joined to all of the vertices of the outside (upside down)
pyramid. This represents the cone C, . The resulting figure is a regular cell
decomposition of the 3-sphere S3. We let P be the lattice of faces of this decomposition, so that 1d(P)/ is homeomorphic to S3.
We can also construct P as the face-lattice of a convex polytope as follows.
Begin with a cube in 3-space centered at the origin. Embed 3-space in 4-space
by the map (x, y, a) H (x, y, a, 0). L et v and w be the points (0, 0, 0, -&l).
Form the convex hull H of the cube and the points v and w. The vertices
v and w are indicated in the figure above. Finally choose two antipodal 3-faces
and two points outside H but sufficiently near the centers of these two 3-faces.
Take the convex hull of H and these two new points. p is now the lattice of
faces of this polytope.
We first observe that P does not have the fixed point property: the antipodal
map is fixed point free. Next map P to the Boolean algebra B, by mapping
the point at infinity to one atom and the remaining vertices to the other atom.
Map each remaining element of P in an order-preserving way to an atom if it
can be so mapped and to ^i if not. The fibers over the atoms of B, are contractible and so have the fixed point property. The fiber over 1 is isomorphic
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to the poset in Example 2.4. Hence it also has the fixed point property. Thus
all the conditions of Theorem 5.2 are satisfied except for condition (d), but
P doesnot have the fixed point property. 1
A very interesting construction from the point of view of fixed point theory
is the direct product (for the definition see Birkhoff [4, p. 81). I. Rival has
asked [12] whether the direct product preserves the fixed point property.
The following results show that this is often true in familiar cases,but the
general questionremainsopen.
COROLLARY 5.5. Let P and Q be @acyclic posets.Then P x Q is Q-acyclic.

Proof. This is a straightforward application of the Kiinneth formula.
Alternatively the result can be deduced from Theorem 5.1 as follows. Let
F: P x Q -+ P be the projection onto the first factor, F( p, q) = p. For any
p E P the fiber F/p is the poset V, x Q, where VP = {X E P 1x > p}. Now
let G: V, x Q + Q be the projection onto Q. For any q E Q the fiber G/q
is the poset V, x V, , where V, = {X E Q ] x > q}. V, x V, hasthe minimum
element ( p, q) and is therefore Q-acyclic. By repeated application of Theorem
5.1, the result follows. 1
THEOREM 5.6. Let P and Q beposetssuchthat Q and PQ both have thejxed
point property. Then P x Q alsohas thejixed point property.

Proof.
Let f: P x Q -+ P x Q be an order-preserving map. Let
F: P x Q -+ P and G: P x Q -+ Q be the natural projections, as in the
preceding proof. We define a map ol: PQ + PQ by

&9(x) = F(f M4 4)s
for g EPQ and x E Q. Clearly ti is well-defined. Let g < h hold in PQ. Then
for all x E Q,
g(x) G 44

+- f MG 4 G f V44> 4

=t-F(f k(X)>4) d F(f vw~ 4)
* 49c4 G 44(4,
i.e., a(g) < cr(h) in PQ. Thus ol is order-preserving. By the hypothesis on PQ,
(Yhas a fixed point g, .
Nowwedefineamap/?:Q-+Qby

B(x) = G(fMx), 4)s

FIXED POINTS IN POSETS
for all x E Q. Clearly
fixed point x,, . Now

Therefore

(g,,(x,), x,-J is a fixed point

COROLLARY 5.7.
jixed point property.
Proof.
Theorem

p is order-preserving.

off.
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By the hypothesis

on Q, /I has a

1

Let P be a dismantlable
Then P x Q has the jxed

poset and Q a poset having
point property.

If P is dismantlable
then PQ has the fixed
4.5. Hence, the above theorem applies.
B

point

property

the
by
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